
















We propose to estimate the design variance of absolute changes between two cross-
sectional estimators under rotating sampling schemes. We show that the variance 
estimator proposed is generally positive. We also propose possible extensions for 
stratified samples, with dynamic stratification; that is, when units move between strata 
and new strata are created at the second waves. 
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Zh sursrvh wr hvwlpdwh wkh ghvljq yduldqfh ri devroxwh fkdqjhv ehwzhhq
wzr furvv0vhfwlrqdo hvwlpdwruv xqghu urwdwlqj vdpsolqj vfkhphv1 Zh vkrz
wkdw wkh yduldqfh hvwlpdwru sursrvhg lv jhqhudoo| srvlwlyh1 Zh dovr sur0
srvh srvvleoh h{whqvlrqv iru vwudwlhg vdpsohv/ zlwk g|qdplf vwudwlfdwlrq>
wkdw lv/ zkhq xqlwv pryh ehwzhhq vwudwd dqg qhz vwudwd duh fuhdwhg dw wkh
vhfrqg zdyhv1
Nh|zrugv= Frqglwlrqdo Srlvvrq Vdpsolqj/ Ghvljq0Edvhg Lqihuhqfh/ Hqwurs|/
Lqfoxvlrq Suredelolwlhv/ Uhshdwhg Vxuyh|v/ Urwdwlqj Vfkhph1
DPV Frgh= 95G38 vdpsolqj wkhru|/ vdpsoh vxuyh|v1
4 Lqwurgxfwlrq
Wkh sulpdu| lqwhuhvw ri pdq| xvhuv ri pdfurhfrqrplf vwdwlvwlfv lv lq wkh fkdqjh
iurp rqh shulrg wr dqrwkhu udwkhu wkdq wkh ohyho ri dq| sduwlfxodu yduldeoh
+Vplwk hw do1/ 5336,1 Prvw vxuyh|v lq jryhuqphqw duh frqwlqxlqj vxuyh|v> wkdw
lv/ uhshdwhg prqwko|/ txduwhuo|/ dqqxdoo| ru zlwk vrph rwkhu {hg iuhtxhqf|1
Dq lpsruwdqw uhdvrq iru grlqj wklv lv wr hvwlpdwh wkh pdqqhu lq zklfk d srsx0
odwlrq fkdqjhv iurp rqh vxuyh| shulrg +ru zdyh, wr wkh qh{w1 Lq wklv fdvh/ wkh
srsxodwlrq lv vdpsohg uhshdwhgo| dqg wkh vdph vwxg| yduldeohv duh phdvxuhg
dw hdfk zdyh1 Iru h{dpsoh/ lq pdq| frxqwulhv/ oderxu0irufh vxuyh|v ru exvlqhvv
vxuyh|v duh frqgxfwhg prqwko| ru txduwhuo| wr hvwlpdwh wkh fkdqjh lq wkh qxp0
ehu ri hpsor|hg ru lq wkh yroxph ri uhwdlo vdohv1 Lq pdq| frqwlqxlqj vxuyh|v/ lw
lv pruh dqg pruh lpsruwdqw wr frpsduh furvv0vhfwlrqdo hvwlpdwhv iru wkh vdph
vwxg| yduldeoh wdnhq rq wzr glhuhqw zdyhv dqg wr mxgjh zkhwkhu wkh revhuyhg
devroxwh fkdqjh lv vwdwlvwlfdoo| vljqlfdqw +Vplwk hw do1/ 5336,1 Yduldqfh hvwl0
pdwlrq zrxog eh uhodwlyho| vwudljkwiruzdug li wkh vdpsoh uhpdlqhg wkh vdph
4iurp rqh shulrg wr wkh qh{w1 Xqiruwxqdwho|/ wklv lv uduho| wkh fdvh/ dv dw hdfk
zdyh/ zh kdyh d qhz vdpsoh1 Lqghhg/ uhshdwhg vxuyh|v duh xvxdoo| vhohfwhg zlwk
urwdwlqj vfkhphv/ zkhuh qhz xqlwv duh vhohfwhg wr uhsodfh rog xqlwv wkdw kdyh
ehhq lq wkh vdpsoh iru d vshflhg qxpehu ri zdyhv1 Lq wklv sdshu/ zh sursrvh
d yduldqfh hvwlpdwru wkdw frshv zlwk urwdwlqj vdpsolqj vfkhphv1
Frqvlghu wzr srsxodwlrq wrwdov iru wkh vdph vwxg| yduldeoh wdnhq rq wzr


































￿ duh uhvshfwlyho| ydoxhv ri d vwxg| yduldeoh dw wlph w @ 3 dqg





D uholdeoh zd| wr phdvxuh fkdqjh lv wr phdvxuh vxffhvvlyh ohyhov dqg wdnh glhu0
hqfhv1 Vxssrvh wkdw  lv hvwlpdwhg e| wkh glhuhqfh ri furvv0vhfwlrqdo hvwlpdwruv
ri ohyho=
e  @ e \
￿  e \
￿ > +5,
zkhuh e \
￿ dqg e \
￿ duh Kruylw}0Wkrpsvrq +KW, hvwlpdwruv +Qdudlq/ 4<84> Kruylw}

















































￿ duh wkh lqfoxvlrq suredelolwlhv ri xqlw l rq w @ 3 dqg
w @ 41 Wkhvh suredelolwlhv duh ghqhg lq Vhfwlrq 51
Wkhuh h{lvw dowhuqdwlyh srlqw hvwlpdwruv iru 1 Iru h{dpsoh/ fkdqjhv fdq eh
hvwlpdwhg iurp wkh pdwfkhg vdpsoh v
￿ _v
￿ ru e| pruh vrsklvwlfdwhg hvwlpdwruv
+Ixoohu dqg Udr/ 5334,1 Wd|oru olqhdul}dwlrq fdq eh hyhq xvhg wr dssur{lpdwh
dowhuqdwlyh phdvxuhv ri fkdqjh +Dqghuvvrq dqg Qrugehuj/ 4<<7,1 Lq wklv sdshu/
zh dvvxph wkdw  lv hvwlpdwhg e| +5,1
Rxu dlp lv wr hvwlpdwh wkh yduldqfh ri +5, jlyhq e|
ydu+e , @ ydu+e \
￿ , . ydu+e \
￿ ,  5 fry+e \
￿ > e \
￿ ,= +7,
xqghu urwdwlqj vfkhphv1 Vwdqgdug phwkrgv fdq eh xvhg wr hvwlpdwh ydu+e \
￿ ,
dqg ydu+e \
￿ ,1 Krzhyhu/ yduldqfh hvwlpdwruv ri e  duh frpsolfdwhg e| wkh qhhg wr
hydoxdwh d ghvljq fryduldqfh lq +7,1
5Lq sudfwlfh/ fryduldqfhv duh xvxdoo| hvwlpdwhg iurp wkh pdwfkhg vdpsoh
+Krophv dqg Vnlqqhu/ 5333,> wkdw lv/ e| hvwlpdwlqj
fry+e \
￿








￿ ,  ydu+e \
￿























































￿ dqg e \
￿
￿ @ e \
￿
￿  e \
￿
￿ 1
Wklv phwkrg fdq ryhuhvwlpdwh wkh fryduldqfh dqg surgxfh qhjdwlyh yduldqfh
hvwlpdwhv1 Ixuwkhupruh/ dv +8, lv glhuhqw iurp wkh fryduldqfh lq +7,/ dq hvwl0
pdwru ri +8, lv wkhuhiruh eldvhg iru fry+e \
￿ > e \
￿ ,1 Zh zloo vkrz wkdw wkh hvwlpdwru
sursrvhg lq Vhfwlrq 8 jhqhudoo| jlyhv srvlwlyh yduldqfh hvwlpdwhv dqg zloo qrw
eh hvwlpdwhg rqo| iurp wkh pdwfkhg vdpsoh1 Vlpxodwlrq lq Vhfwlrq : zloo vkrz
wkdw wkh hvwlpdwru sursrvhg lv pruh dffxudwh wkdq dq hvwlpdwru edvhg rq +8,1
Zh zloo dvvxph {hg vdpsoh vl}hv iru v
￿ / v
￿ dqg wkh pdwfkhg vdpsoh v
￿ _v
￿ 1
Wklv lv wkh fdvh iru prvw urwdwlqj vdpsolqj vfkhphv1 Wkh yduldqfh hvwlpdwru
sursrvhg lv edvhg rq wkh iroorzlqj lghd1 Iluvw/ zh hvwlpdwh wkh yduldqfhv dqg
wkh fryduldqfhv xqfrqglwlrqdoo|> wkdw lv/ dvvxplqj wkh vl}hv udqgrp1 Vhfrqgo|/
lq rughu wr fdswxuh wkh {hg vl}h ihdwxuh ri wkh vdpsolqj vfkhph/ zh ghulyh





￿ +vhh +4:,,1 Wkh qdo yduldqfh hvwlpdwru hvwlpdwhv wkhvh
frqglwlrqdo yduldqfhv dqg fryduldqfhv1 Zh mxvwli| wklv dssurdfk +vhh Vhfwlrq 6,
xvlqj d cpd{lpxp hqwurs|* prgho iru wkh vdpsolqj vfkhph1
Lq Vhfwlrq 5/ zh ghqh wkh fodvv ri urwdwlqj vfkhphv frqvlghuhg lq wklv sdshu
dqg lq Vhfwlrq 6/ zh sursrvh d prgho iru wkh urwdwlqj vfkhph1 Lq Vhfwlrq 7/ zh
ghulyh wkh yduldqfh hvwlpdwru sursrvhg zkhq wkh srsxodwlrq lv frpsrvhg ri d
vlqjoh vwudwxp1 Lq Vhfwlrq 9/ wkh hvwlpdwru sursrvhg lv jhqhudol}hg iru vwudwlhg
vdpsohv1 Lq Vhfwlrq :/ d vhulhv ri Prqwh0Fduor vlpxodwlrqv vxssruwv rxu qglqjv1
5 Urwdwlqj vdpsolqj vfkhphv
Lq wklv vhfwlrq/ zh ghqh wkh fodvv ri urwdwlqj vdpsolqj vfkhphv frqvlghuhg lq
wklv sdshu1 Wkhvh urwdwlqj vfkhphv duh frpprqo| xvhg lq sudfwlfh +vhh H{dpsoh
4 dqg H{dpsoh 6,1 Iru vlpsolflw|/ zh vxssrvh wkdw wkh srsxodwlrq lv frpsrvhg
ri d vlqjoh vwudwxp ri vl}h Q1 Lq Vhfwlrq 9/ zh jhqhudolvh wkh yduldqfh hvwlpdwru
sursrvhg iru vwudwlhg vdpsohv1
Dv wzr vdpsohv +v
￿ dqg v
￿ , duh vhohfwhg/ zh kdyh wzr vdpsolqj ghvljqv=
s
￿ +v
￿ , wkh vdpsolqj ghvljq xvhg dw w @ 3 dqg s
￿ +v
￿ mv
￿ , wkh vdpsolqj ghvljq
xvhg dw w @ 41 Wkh uvw0rughu lqfoxvlrq suredelolwlhv ri s
￿ +v








￿ dqg h 
￿
￿
￿ 1 D urwdwlqj vdpsolqj vfkhph lv wkh
frpelqdwlrq ri s
￿ +v





￿ lv dq xqhtxdo suredelolw| vdpsoh zlwkrxw uhsodfhphqw zlwk




￿ 1 Wkh vl}h ri v
￿ lv ghqrwhg e| q
￿ 1 Vxssrvh
wkdw wkh vdpsoh v
￿ lv vhohfwhg frqglwlrqdoo| rq v
￿ lq wkh iroorzlqj zd|= d vlpsoh
udqgrp vdpsoh ri q
￿
￿ xqlwv lv vhohfwhg zlwkrxw uhsodfhphqw iurp v
￿ dqg d vlpsoh




￿ xqlwv lv vhohfwhg zlwkrxw uhsodfhphqw irup X@v
￿ > zkhuh
X@v




















Ohw j @ q
￿
￿ @q
￿ ghqrwhv wkh iudfwlrq ri wkh pdwfkhg vdpsoh ru wkh suredelolw|
iru d xqlw l 5 v








￿ ghqrwhv wkh suredelolw| iru d qrq0vdpsohg xqlw wr mrlq wkh vdpsoh dw wkh
vhfrqg zdyh1 Wkh lqfoxvlrq suredelolw| h 
￿
￿
￿ iru d xqlw l 5 X
￿ wr eh vhohfwhg lq
v



























dv lw ghshqgv rq v
￿ 1 Wkh suredelolw| 
￿
￿








￿ @ H+h 
￿
￿









H{dpsoh 4 Exvlqhvv vxuyh|v lq Vwdwlvwlfv Fdqdgd duh vhohfwhg e| urwdwlrq jurxs
vdpsolqj lq zklfk hdfk vwudwxp lv udqgrpo| glylghg lqwr pxwxdoo| h{foxvlyh urwd0
wlrq jurxsv ri wkh vdph vl}h1 Vxssrvh wkdw zh kdyh d vlqjoh vwudwxp dqg vxssrvh
wkdw wkh srsxodwlrq lv udqgrpo| glylghg lqwr S urwdwlrq jurxsv +iru vlpsolflw|/ zh
dvvxph QS
￿
￿ lqwhjhu,1 Iru wkh uvw zdyh/ wkh uvw s jurxsv duh vhohfwhg1 Rq wkh
vhfrqg zdyh/ jurxs 4 urwdwhv rxw dqg jurxs s.4 urwdwhv lq1 v
￿ dqg v
￿ duh wkhuh0




















￿ 1 Wklv lpsolhv j @ +s  4,@s dqg t @ 4@+S  s,1
6 D prgho iru wkh urwdwlqj vdpsolqj vfkhph
Zh sursrvh wr dssur{lpdwh wkh dfwxdo urwdwlqj vdpsolqj vfkhph e| wkh pd{l0
pxp hqwurs| urwdwlqj vdpsolqj vfkhph +phuv,1 Lq wklv vhfwlrq/ zh ghqh wkh
hqwurs| dqg wkh phuv vfkhph1 Zh zloo vhh wkdw wkh phuv vfkhph lv frqglwlrqdo




￿ +vhh Wkhruhp 4,1 Wklv lpsruwdqw fkdudfwhulvwlf zloo
eh xvhg lq Vhfwlrq 7 wr ghulyh d yduldqfh hvwlpdwru1
Ghqlwlrq 4 +Kämhn/ 4<8<, Wkh hqwurs| ri d vdpsolqj ghvljq s+v, lv ghqhg
e|






￿ uhsuhvhqwv wkh vxp ryhu doo srvvleoh vdpsohv dqg orj+=, lv wkh Qdslhuldq
Orjdulwkp/ zkhuh 3orj+3, @ 31
Ohw 
￿ dqg 
￿ ghqrwh wkh vhwv ri doo srvvleoh vdpsohv v
￿ dqg v












￿ , @ q
￿
￿ j=
Vhyhudo vfkhphv fdq eh xvhg wr vhohfw v
￿ dqg v
￿ dqg wkh dfwxdo vfkhph lv rqh ri
wkhp1 Ohw xv dssur{lpdwh wkh dfwxdo vdpsolqj vfkhph e| wkh phuv vfkhph1
7Ghqlwlrq 5 Wkh phuv vfkhph lv vxfk wkdw +l, lw fdq vhohfw d vdpsoh v
￿ 5 
￿
dqg d vdpsoh v
￿ 5 
￿ dqg +ll, lw lv vxfk wkdw s
￿ +v
￿ , dqg s
￿ +v
￿ mv
￿ , kdyh wkh








Wkh phuv vfkhph lv vxfk wkdw s
￿ +v
￿ , dqg s
￿ +v
￿ mv
￿ , kdyh wkh odujhvw hqwurs|





￿ 1 Wkhruhp 4 jlyhv dq dqdo|wlf h{suhvvlrq iru wkh phuv vfkhph dqg vkrzv





































zkhuh iDj @ 4 li D lv wuxh dqg iDj @ 3 rwkhuzlvh1 Wkh vdpsolqj ghvljqv
S
￿ +v
￿ , dqg S
￿ +v
￿ mv






























































￿ duh vxfk wkdw wkh uvw0rughu lqfoxvlrq suredelolwlhv ri s
￿ +v





￿ 1 Wkh h s
￿
￿




duh jlyhq e| h 
￿
￿
￿ ghqhg e| +9,1 Wkh suredelolw| S
￿ +v
￿ 5 
￿ , lv wkh suredelolw|
ri vhohfwlqj d vdpsoh v
￿ 5 
￿ xqghu S+v











Wkh surri lv jlyhq lq Dsshqgl{ D1





￿ 1 Lq Vhfwlrq 7/ zh ghulyh wkh yduldqfh ri e  zlwk





￿ duh qrw {hg zlwk +43, dqg +44,1
Wkh phuv vfkhph lv qrw qhfhvvdulo| wkh dfwxdo vdpsolqj vfkhph lpsoh0
phqwhg1 Krzhyhu/ phuv fdq eh lpsohphqwhg h{dfwo| li v
￿ lv d vlpsoh udqgrp




￿ @ q@Q/ +;, lv wkh vuvzu
ghvljq1 Wkh phuv vfkhph dssur{lpdwhv wkh dfwxdo vfkhph/ dv orqj dv zh kdyh
xqhtxdo suredelolwlhv1 Iru kljko| udqgrplvhg +zlwk kljk hqwurs|, vdpsolqj gh0
vljqv/ +;, lv d jrrg dssur{lpdwlrq +Ehujhu/ 4<<;,1 Udr0Vdpsirug/ vxffhvvlyh/






￿ dqg h s
￿
￿
￿ fdq eh frpsxwhg h{dfwo| +Kämhn/ 4<;3 sdjh 46< dqg Fkhq












￿  h 
￿
￿

















7 Hvwlpdwru iru wkh yduldqfh ri fkdqjh xqghu
PHUV
Lq wklv vhfwlrq/ dvvxplqj qrupdolw|/ zh zloo ghulyh d vlpsoh dssur{lpdwlrq iru wkh





￿ 1 Iluvw/ zh zloo hvwlpdwh wkh yduldqfhv dqg wkh fryduldqfhv
xqfrqglwlrqdoo|> wkdw lv/ dvvxplqj wkdw wkh vdpsoh vl}hv duh udqgrp1 Vhfrqgo|/
lq rughu wr fdswxuh wkh {hg vl}hv ihdwxuh ri wkh vdpsolqj vfkhph/ zh ghulyh
yduldqfhv dqg fryduldqfhv frqglwlrqdoo| rq wkh jlyhq qxpehuv ri xqlwv fdxjkw
lq wkh uvw vdpsoh/ lq wkh vhfrqg vdpsoh dqg lq erwk1 Ilqdoo|/ zh zloo hvwlpdwh
wkhvh frqglwlrqdo yduldqfhv dqg fryduldqfhv1
Iluvw/ frqvlghu wkh iroorzlqj Srlvvrq vfkhph= zkhuh v
￿ lv vhohfwhg dffruglqj
wr +43, dqg v
￿ lv vhohfwhg dffruglqj wr +44,1 Wkh Srlvvrq vfkhph dqg wkh phuv
vfkhph duh wzr glhuhqw vfkhphv1 Lw lv lpsruwdqw wr qrwh wkdw xqghu wklv Srlvvrq




￿ duh qrz udqgrp1
Ohw xv dvvxph wkdw wkh yhfwru
x @ +e \







kdv d qrupdo glvwulexwlrq xqghu wkh Srlvvrq vdpsolqj vfkhph> wkdw lv/





￿ duh uhvshfwlyho| wkh phdq dqg wkh yduldqfh0fryduldqfh pdwul{
ri x xqghu wkh Srlvvrq vfkhph1 Lq Vhfwlrq 716/ zh ghulyh wkh h{suhvvlrq iru 	
￿ 1
Wklv qrupdolw| dvvxpswlrq lv qrw dq dvvxpswlrq derxw wkh glvwulexwlrq ri
wkh vwxg| yduldeoh1 Lw frqfhuqv wkh vdpsolqj glvwulexwlrq ri x xqghu wkh Srlvvrq
vfkhph1 Wklv dvvxpswlrq lv qdwxudo/ dv hdfk xqlw lv vhohfwhg lqghshqghqwo| xqghu
Srlvvrq vdpsolqj1 Pruhryhu/ xvlqj Ohppd 615 lq Kämhn +4<97,/ zh fdq ghulyh
wkh Olqghehuj frqglwlrqv iru dv|pswrwlf qrupdolw|1
714 Dq dssur{lpdwlrq iru wkh yduldqfh
Wkh yduldqfh0fryduldqfh pdwul{ 	























  lv wkh yduldqfh0fryduldqfh ri wkh yhfwru +e \





" lv wkh yduldqfh0








" lv wkh fryduldqfh ehwzhhq +e \








￿ 1 Doo wkh yduldqfhv dqg fryduldqfhv duh zlwk uhvshfw wr wkh
xqfrqglwlrqdo Srlvvrq vdpsolqj vfkhph +43, dqg +44,1






￿ 1 Wkxv/ wkh yduldqfh0fryduldqfh pdwul{ ri +e \
￿ > e \
￿ ,
￿ xqghu phuv lv















































jhqhudolvhg lqyhuvh ri 	
"
$
" 1 Odzoh| +4<76, vkrzv wkdw +47, krogv xqghu dvvxps0
wlrq zhdnhu wkdq +46,1 Wkh yduldqfh ri e  zlwk uhvshfw wr wkh phuv lv wkhuhiruh
dssur{lpdwhg e|
ydu
& +e , @ ydu
& +e \
￿ , . ydu
& +e \
￿ ,  5 fry
& +e \







" lv d ixqfwlrq ri 	
￿ / wkh dssur{lpdwlrq +48, ghshqgv rq 	
￿ 1 Lq Vhfwlrq
716/ zh zloo ghulyh dq dqdo|wlf h{suhvvlrq iru 	
￿ 1
715 Wkh hvwlpdwru sursrvhg iru wkh yduldqfh
Vxssrvh wkdw zh kdyh dq hvwlpdwru e 	
￿ ri 	
￿ 1 D qdwxudo hvwlpdwru ri +48, lv
f ydu
& +e , @ f ydu
& +e \
￿ , . f ydu
& +e \
￿ ,  5 f fry
& +e \








" @ e 	
 
%















￿ , f fry
& +e \




￿ > e \








  / e 	
 
#
" dqg e 	
"
$
" duh wkh vxepdwulfhv ri e 	
￿ 1
Wkh yduldqfh hvwlpdwru +49, vkrxog eh dv|pswrwlfdoo| xqeldvhg1 Lqghhg/ wkh
yduldqfh +48, lv d ixqfwlrq ri srsxodwlrq wrwdov jlyhq e| wkh frpsrqhqwv ri
	
￿ +vhh Dsshqgl{ F,1 Lq +49,/ wkhvh wrwdov duh uhsodfhg e| wkhlu xqeldvhg KW
hvwlpdwruv +vhh Dsshqgl{ F,1 Li zh dvvxph wkdw wklv ixqfwlrq ri wrwdo lv vprrwk
hqrxjk/ wkh hvwlpdwru +49, lv wkhq dv|pswrwlfdoo| xqeldvhg1
Zkhq v
￿ dqg v
￿ duh vhohfwhg wkh shupdqhqw udqgrp qxpehu vdpsolqj ru







{hg1 Vhtxhqwldo Srlvvrq vdpsolqj vfkhph +Rkovrq/ 4<<3, lv dqrwkhu h{dpsoh ri
vdpsolqj vfkhph zlwk udqgrp vl}hv1 Li wkh yduldelolw| ri wkhvh vl}hv lv vpdoo/ rq
fdq dvvxph wkhp {hg1 Krzhyhu/ li zh zdqw wr wdnh wklv yduldelolw| lqwr dffrxqw/
zh fdq xvh Qrugehuj*v dssurdfk +Qrugehuj/ 5333 sdjh 69:,1 Qrwh wkdw li wkh
dfwxdo vdpsolqj vfkhph lv wkh Srlvvrq vdpsolqj vfkhph/ wkh wudqvirupdwlrq +4:,









  lq +49,1
:716 Wkh xqfrqglwlrqdo yduldqfh0fryduldqfh pdwul{ P
(
Lw fdq eh vkrzq +vhh Dsshqgl{ E, wkdw
	











￿ 3  }
￿ 3 3
3  |
￿ 3  }
￿ 3




























￿ /  |
￿ @ + |
￿
￿















￿ /  }
￿ lv d




































































￿ +4  
￿
￿























￿ +j  
￿
￿























￿ +4  
￿
￿
￿ , = l 5 Xj= +58,
8 Hvwlpdwlrq ri wkh pdwul{ Px
Doo frpsrqhqwv ri +76, duh srsxodwlrq wrwdov wkdw fdq eh hvwlpdwhg e| wkhlu
fruuhvsrqglqj xqeldvhg KW hvwlpdwruv +vhh Dsshqgl{ F,1 Wkh hvwlpdwruv ri 	
￿
lv +vhh Dsshqgl{ F,
e 	






￿ lv wkh q8 vxe0pdwul{ ri wkh Q8 pdwul{  D
￿ > wkdw lv/  D
￿ lv rewdlqhg
e| vwulnlqj rxw wkh urzv fruuhvsrqglqj wr wkh qrq0vdpsohg xqlwv1 Wkh q  q
pdwul{  F
￿ lv wkh sulqflsdo vxe0pdwul{ ri wkh QQ pdwul{  F
￿ +ghqhg e| +5:,,>
wkdw lv/  F
￿ lv rewdlqhg e| vwulnlqj rxw wkh vdph urzv dqg froxpqv fruuhvsrqglqj
wr wkh qrq0vdpsohg xqlwv1 Wkh pdwul{  F

























































￿ @ gldj i+4  
￿
￿






















￿ , = l 5 v

= +64,
Wkh vxe0pdwulfhv ri e 	
￿ jlyh e 	
 
!
  / e 	
 
$
" dqg e 	
"
#
" / zklfk vxevwlwxwhg lqwr +4:,
jlyh wkh yduldqfh hvwlpdwru1 Wkh Pdwul{ e 	
￿ lv d 88 pdwul{ ri KW wrwdov1 Wkh
h{suhvvlrq ri wkhvh wrwdov fdq eh ghulyhg iurp +59,1
Uhpdun 4 e 	
￿ fdq eh frpsxwhg xvlqj wkh V0Soxv
* dqg U
* urxwlqhv wkdw fdq
eh grzqordghg iuhh ri fkdujh iurp wkh dxwkru zhesdjh1 Wkhvh urxwlqhv dovr
dffrpprgdwh vwudwlfdwlrq +vhh Vhfwlrq 9,1
H{dpsoh 5 Frqvlghu d vlpsoh udqgrp vdpsoh v
￿ @ i4>44>48>49>4<>53j ri
vl}hv q
￿ @ 9 lq d srsxodwlrq ri vl}h Q @ 531 Frqvlghu wkdw v
￿ @ i4>8>:>44>49>4:j








Wkh pdwul{ e 	
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￿ > e \
￿ ,
f fry+e \



















￿ > e \


































































￿ duh qlwh srsxodwlrq fruuhfwlrq +vhh Vhfwlrq 815,1 Lw lv zruwk
qrwlflqj wkdw wkh gldjrqdo frpsrqhqwv ri +65, duh wkh xvxdo yduldqfhv xqghu
vuvzu1 Qrwh wkdw wkh fryduldqfh ehwzhhq e \
￿ dqg e \
￿ hvwlpdwhg iurp wkh pdwfkhg
<vdpsoh lv f fry+e \
0
￿ > e \
0





￿  +4  i
0 ,+q




￿ +Vhh +8, dqg







￿ @ 3=9 dqg q
0 lv wkh vl}h ri wkh
pdwfkhg vdpsoh +q
0 @ 6,/ zh kdyh
f fry+e \
0
￿ > e \
0









zklfk lv dssur{lpdwho| wkh uvw wzr frpsrqhqwv ri +66,1 Wkh wklug whup ri +66,
fdq eh wkhuhiruh lqwhusuhwhg dv d eldv fruuhfwlrq1
814 Qrq0qhjdwlyhqhvv ri wkh yduldqfh hvwlpdwru
Qhjdwlyh yduldqfh hvwlpdwhv ri fkdqjh lv d frpprq lvvxh +Klglurjorx hw do1/
4<<8,1 Wkhruhp 5 vkrzv wkdw wkh hvwlpdwru +49, iru wkh yduldqfh jhqhudoo| jlyhv
srvlwlyh hvwlpdwhv1





" lv qrq0qhjdwlyh ghqlwh/ li 
￿ A 3 dqg 
￿ A 3 iru















































































































Wkh surri lv jlyhq lq Dsshqgl{ G1
Wkhruhp 5 lpsolhv wkdw wkh yduldqfh ri dq| olqhdu frpelqdwlrq ri e \
￿ dqg e \
￿
lv dozd|v srvlwlyh dqg lq sduwlfxodu f ydu+e ,  31 Qrwh wkdw wkh frqglwlrqv 
￿ A 3
dqg 





" fdq eh qrq0qhjdwlyh
ghqlwh hyhq li 
￿  3 ru 
￿  31
Wkh frqglwlrqv 
￿ A 3 dqg 
￿ A 3 fdq eh yhulhv sulru vdpsolqj1 Iru







￿ @ i @ q




￿ @ 5+4  i,+4  ij,  +4  i,
￿




A 5+4  i,+4  ij,  5+4  i,
￿
@ 5+4  i,+i  ij, A 3=
Wkh ydoxhv ri 
￿ duh srvlwlyh zkhq j lv qrw wrr vpdoo> wkdw lv/ zkhq wkh vl}h ri
wkh pdwfkhg vdpsoh lv qrw wrr vpdoo1 Lq Wdeoh 4/ zh kdyh wkh plqlpxp ydoxh ri
j wkdw jxdudqwhhv 
￿ A 3 iru i udqjlqj iurp 3=34 wr 3=53 dqg iru vuvzu1 Zh vhh
wkdw j pxvw eh odujhu wkdq 3=891 Wkxv/ zkhq wkh pdwfkhg vdpsoh lv frpsrvhg
ri pruh wkdq 89( ri v





" lv qrq0qhjdwlyh ghqlwh dqg f ydu+e ,  31 Wklv
fdq eh lqwhusuhwhg e| wkh idfw wkdq vpdoo pdwfkhg vdpsohv lpso| lqdffxudwh
fryduldqfh hvwlpdwhv1 Iru vpdoohu ydoxh ri j/ +49, lv qrw qhfhvvdulo| qhjdwlyh/ dv

￿ A 3 dqg 
￿ A 3 duh qrw qhfhvvdu| frqglwlrqv1 Krzhyhu/ Wkhruhp 5 fdqqrw
jxdudqwhh wkdw +49, zloo eh dozd|v srvlwlyh1
43i plqij = 
￿ A 3j i plqij = 
￿ A 3j
3134 3183 3145 3186
3136 3184 3147 3187
3138 3184 3149 3187
313: 3185 314; 3188
313< 3185 3153 3189
Wdeoh 4= Plqlpxp ydoxh iru j wkdw jxdudqwhhv srvlwlyh yduldqfh hvwlpdwhv
zlwk vuvzu1
Qrwh wkdw wkh plqlpxp ydoxh ri j lq Wdeoh 4 rqo| lqfuhdvh voljkwo| zlwk
i1 Wkxv/ zh gr qrw h{shfw glhuhqw frqfoxvlrq zlwk xqhtxdo suredelolwlhv1 Lq
Wdeoh 5/ zh kdyh plqlpxp ri j wkdw jxdudqwhhv 
￿ A 3 dqg 
￿ A 3 iru doo l xqghu










3 .4@81 Zh vhh wkdw j pxvw eh odujhu




￿ fdq h{sodlq zk| zh rewdlq wklv odujhu ydoxh1
i plqij = 
￿ A 3 dqg 
￿ A 3j i plqij = 
￿ A 3 dqg 
￿ A 3j
3134 3193 3145 3194
3136 3193 3147 3194
3138 3193 3149 3194
313: 3193 314; 3195
313< 3193 3153 3195
Wdeoh 5= Plqlpxp ydoxh iru j wkdw jxdudqwhhv srvlwlyh yduldqfh hvwlpdwhv
zlwk xqhtxdo suredelolw| vdpsolqj1
815 Ilqlwh srsxodwlrq fruuhfwlrq lqyroyhg
Wkh hvwlpdwru +49, sursrvhg iru wkh yduldqfh lqyroyhv glhuhqw qlwh srsxodwlrq
fruuhfwlrqv +isf,1 Lq idfw/ wkhvh isf duh jlyhq e| wkh qrq qxoo frpsrqhqwv ri
 F
￿ 1 Zh kdyh irxu glhuhqw vruw ri isf1




￿ , dqg +4  
￿
￿
￿ , duh wkh isf iru wkh yduldqfh ri KW wrwdov edvhg
uhvshfwlyho| rq v
￿ dqg v
￿ 1 Wkhvh isf ydulh ehwzhhq xqlwv ehfdxvh ri wkh
xqhtxdo suredelolwlhv1 Wkhvh isf duh vpdoo iru xqlwv vhohfwhg zlwk d odujh
suredelolw|1 Qrwh wkdw li v










￿ , duh wkh isf ri wkh pdwfkhg vdpsoh v
￿ _v





lv wkh suredelolw| iru l 5 v
￿ _ v
￿ 1 Wkhvh isf duh vpdoo iru xqlwv kdylqj d
odujh suredelolw| wr eh vhohfwhg lq wkh pdwfkhg vdpsoh1





￿ , dv jhqhudolvhg isf iru fryduldqfh ehwzhhq
KW wrwdov edvhg rq v
￿ dqg v





￿ @ su+l 5 v
￿ ,su+l 5 v
￿ , @
su+l 5 v
￿ dqg l 5 v
￿ ,/ wkhvh isf duh vpdoo zkhq v
￿ dqg v
￿ duh lqghshqghqw1
Wkhvh isf fdq eh lqwhusuhwhg dv isf gxh wr wkh ghshqghqfh ri v
￿ dqg v
￿ 1
449 Jhqhudolvdwlrq wr vwudwlfdwlrq
Lq wklv vhfwlrq/ zh vkrz krz wkh hvwlpdwru +49, fdq eh jhqhudolvhg wr wdnh
vwudwlfdwlrq lqwr dffrxqw1 Zh zloo vkrz wkdw wkh yduldqfh hvwlpdwru +49, fdq
vwloo eh xvhg> li zh prgli| wkh pdwul{  D
￿ ru wkh pdwul{  F
￿ 1
914 Il{hg vwudwlfdwlrq
Vxssrvh wkdw wkh srsxodwlrq lv vsolw lqwr wkh vdph vwudwd iX
￿ >===>X
4 j rq erwk
zdyhv1 Vxssrvh wkdw dw w @ 4/ xqlwv duh vhohfwhg iurp v
￿ zlwk wkh vdph sure0
delolw| j dqg iurp Xqv
￿ zlwk wkh vdph suredelolw| t1 Frqvlghu d vhw ri K
￿













5 @ 3 rwkhuzlvh1 Wklv lqiru0































































￿ 3  ]
￿ 3 3
3  |
￿ 3  }
￿ 3













5 > k @ 4>==>Kj

￿ @ iv
￿ = &+X _ v
￿ , @ q
￿ > &+X _ v
￿ _ v
￿ , @ q
￿
￿ > k @ 4>==>Kj=
Xvlqj wkh vdph phwkrgrorj| dv lq Vhfwlrq 8/ zh rewdlq d yduldqfh dssur{0
lpdwlrq +48, edvhg rq wkh pdwul{ 	
￿ ghqhg e| +4;, zlwk  D
￿ jlyhq e| +69,
dqg F
￿ jlyhq e| +4<,1 Wkh qdo yduldqfh hvwlpdwru lv jlyhq e| +49,/ zkhuh  D
￿
lv wkh vxe0pdwul{ ri +69,1 Lw lv zruwk qrwlflqj wkdw  D
￿ vshflhv wkh vwudwlfd0
wlrq dqg wkh vxuyh| yduldeohv1 Rq wkh rwkhu kdqg/  F
￿ grhv qrw ghshqg rq wkh
vwudwlfdwlrq1
Wkh yduldqfh hvwlpdwru +49, jlyhv dovr srvlwlyh yduldqfh hvwlpdwhv xqghu wkh
frqglwlrq ri Wkhruhp 5/ dv e 	
￿ lv vwloo jlyhq e| +59, zlwk  D
￿ d vxe0pdwul{ ri
+69, dqg dv +5:, lv qrq0qhjdwlyh ghqlwh xqghu wkh frqglwlrq ri Wkhruhp 5 +vhh
Dsshqgl{ G,1 Lqghhg/  F
￿ lv qrq0qhjdwlyh/ dv  F
￿ lv qrq0qhjdwlyh +vhh Dsshqgl{
G dqg Kduylooh/ 4<<: ss1 547,1 Wkxv/ wkh txdgudwlf irup +59, lv qrq0qhjdwlyh
+vhh Kduylooh/ 4<<: ss1 546,1
H{dpsoh 6 Zlwk wkh Eulwlvk Oderxu Irufh Vxuyh|/ d v|vwhpdwlf vdpsohv ri
dgguhvvhv +foxvwhuv, lv vhohfwhg hdfk zdyh +txduwhu,1 Hdfk v|vwhpdwlf vdpsoh lv
45uhwdlqhg lq wkh vxuyh| iru yh frqvhfxwlyh zdyhv1 V|vwhpdwlf vdpsolqj lpsolhv
dq lpsolflw vwudwlfdwlrq zkhuh dssur{lpdwho| wkh vdph qxpehu ri xqlwv urwdwh lq
dqg rxw1 Wklv vwudwlfdwlrq lv {hg li zh dvvxph wkdw wkh srsxodwlrq ri dgguhvvhv
lv wkh vdph rq erwk zdyhv1 Wkh suredelolw| j lv wkh iudfwlrq ri dgguhvvhv uhwdlqhg
lq v
￿ 1 Wkh hvwlpdwru lq wklv Vhfwlrq fdq eh xvhg zlwk wklv vxuyh|1
915 Il{hg vwudwlfdwlrq dqg ydu|lqj urwdwlrq zlwklq vwudwd
Vxssrvh wkdw dw w @ 4/ wkh suredelolwlhv wr mrlq dqg ohdyh wkh vdpsoh duh
qrw frqvwdqw/ dv suhylrxvo| dvvxphg> wkdw lv/ vxssrvh wkdw wkhvh suredelol0





















￿ iru l 5 X
5 1 Lq wklv fdvh/ wkh pdwul{  F
￿ lv jlyhq
e| +4<, diwhu uhsodflqj j e| j
5 dqg t e| t
5 1 Wkh pdwul{  D
￿ lv wkh vxe0
pdwul{ ri +69, zkhuh/  }
￿ lv uhsodfhg e|  ]













￿ , duh {hg1 Wkh frqglwlrqv ri Wkhruhp 5 dssolhg iru
hdfk vwudwxp jxdudqwhh +49, srvlwlyh1
916 G|qdplf vwudwlfdwlrq
E| g|qdplf vwudwlfdwlrq/ zh phdq wkdw wkh vwudwlfdwlrq dw w @ 3 lv glhuhqw
iurp wkh vwudwlfdwlrq dw w @ 4> wkdw lv/ qhz vwudwd duh fuhdwhg dqg xqlwv pryh
ehwzhhq vwudwd1 Li dw w @ 4/ xqlwv duh vhohfwhg iurp v
￿ zlwk wkh vdph suredelolw|
j dqg iurp Xqv
￿ zlwk wkh vdph suredelolw| t/ wkh suredelolwlhv j dqg t duh
frqvwdqw dfurvv vwudwd dqg e 	
￿ lv vwloo jlyhq e| +59, zlwk  D
￿ d vxe0pdwul{ ri
+69,1
Li dw w @ 4/ wkhvh suredelolwlhv ydulhv iurp rqh vwudwxp wr dqrwkhu +vhh Vhfwlrq
915,/ zh qhhg wr wdnh lqwr dffrxqw ri wkh {hg qxpehu ri xqlwv wkdw urwdwh lq
dqg rxw dw w @ 4> wkdw lv/ zh qhhg wr wdnh wkh vwudwlfdwlrq dw w @ 4 lqwr dffrxqw
lq  D
￿ 1 Vxssrvh wkdw X lv frpsrvhg ri K
￿ vwudwd dw w @ 3 dqg ri K
￿ vwudwd
dw w @ 41 Dw w @ 3/ zh kdyh d vhw ri K
￿ vwudwlfdwlrq yduldeohv jlyhq e| +67,1



















5 duh {hg/  D






￿ 3  ]
￿ 3 3
3  |
￿ 3  ]
￿ 3





￿ duh wkh vxe0pdwul{ ri +4<, diwhu uhsodflqj j e| j
5 dqg t e| t
5 1 Wkh qdo
yduldqfh hvwlpdwru lv vwloo jlyhq e| +49,1
: Dq hpslulfdo vwxg|





￿ zloo eh jhqhudwhg dffruglqj wr d orj0qrupdo glvwulexwlrq OrjQ+>,









￿ zlwk d frh!flhqw ri fruuhodwlrqv ri 3=91
Wkh vwxg| yduldeoh |
￿
￿




￿ zlwk d olqhdu prgho wkdw
jlyhv d fruuhodwlrq ri 3=< ehwzhhq wkh |
￿
￿



















￿ duh uhvshfwlyho| jlyhq








8 dqg :1 Zh zloo frqvlghu glhuhqw ydoxhv iru  ydu|lqj iurp 4 wr 431
Dw w @ 3/ wkh V0Soxv
; ixqfwlrq vdpsoh+, lv xvhg wr vhohfw v
￿ 1 Dw w @ 4/ zh
vhohfw d vlpsoh udqgrp vdpsoh iurp v
￿ dqg X@v
￿ zlwk j @ 3=;1 Rq erwk zdyh/
wkh vdpsoh vl}hv duh wkh vdph dqg jlyhq e| q @ q
￿ @ q
￿ 1 Glhuhqw ydoxhv iru q
zloo eh frqvlghuhg1
Zh zloo frpsduh wkh dffxudf| ri wkh yduldqfh hvwlpdwru sursrvhg +49, zlwk
wkh hvwlpdwru edvhg rq +8, zkhuh wkh yduldqfhv duh frpsxwhg zlwk wkh vwdqgdug

























































zkhuh c @ 3> 4> 51 E| vxevwlwxwlqj f ydu+e \
0
￿ ,/ f ydu+e \
0
￿ , dqg f ydu+e \
0
￿ , lqwr +8,/ zh
rewdlq dq hvwlpdwhv iru wkh fryduldqfh wkdw fdq eh xvhg wr hvwlpdwh wkh yduldqfh
+7,1
Wkh dffxudf| ri wkh yduldqfh hvwlpdwruv duh phdvxuhg e| wkh uhodwlyh eldv
+UE, dqg wkh urrw phdq vtxduh huuru +UPVH,
UE @
k











zkhuh H+,/ ydu+, dqg PVH+, uhsuhvhqwv wkh hpslulfdo h{shfwdwlrq yduldqfh
dqg phdq vtxduh huuru rshudwru edvhg rq 43333 vdpsohv1





￿ frqvlghuhg1 Wkh froxpq i jlyhv wkh glhuhqw vdpsolqj iudfwlrqv i @ q@Q
frqvlghuhg1 Wkh ydoxhv ri @Q duh jlyhq lq wkh vhfrqg froxpq1 Wkh froxpq
UE zlwk +6:, jlyhv wkh UE ri wkh yduldqfh hvwlpdwru edvhg rq +6:,1 Zh
revhuyh d odujh qhjdwlyh eldv1 Wkh froxpq UE ri +49, jlyhv wkh UE ri +49,1
Zh vhh wkdw wkh eldv ri +49, lv vpdoohu1 Krzhyhu/ wkh eldv lv vwloo voljkwo| qhjdwlyh1
Wkh froxpq Fryhudjh jlyhv wkh fryhudjh ri wkh <8( frqghqfh lqwhuydo xvlqj
+49, dqg wkh txdqwloh ri d qrupdo glvwulexwlrq1 Wkh fryhudjh lv jrrg h{fhsw iru
i @ 3=381 Wklv lv qrw vxusulvlqj dv q @ 58 lq wklv fdvh1 Lq dgglwlrq/ wkh froxpq
Udwlr UPVH/ jlyhv udwlrv ehwzhhq wkh UPVH ri +49, dqg wkh UPVH ri wkh
hvwlpdwru edvhg rq +6:,1 D ydoxh ohvv wkdq 4 phdqv wkdw +49, lv pruh dffxudwh
wkdq hvwlpdwru edvhg rq +6:,1 Wklv lv zkdw zh revhuyh1
47 @Q i UE zlwk +6:, UE ri +49, Udwlr UPVH Fryhudjh
315 4 3138 03165 03145 31:6 31<5
315 4 3143 03166 03139 3187 31<7
315 4 3148 03175 03136 316: 31<7
315 4 3153 03187 03135 3157 31<7
315 8 3138 03166 03146 31:4 31<5
315 8 3143 03167 03138 3185 31<7
315 8 3148 03177 03136 3167 31<7
315 8 3153 0318: 03136 3155 31<7
315 43 3138 03164 03144 31:4 31<5
315 43 3143 03166 03138 3186 31<6
315 43 3148 03177 03137 3168 31<7
315 43 3153 0318: 03137 3156 31<7
31< 4 3138 03168 03145 31;3 31<5
31< 4 3143 0316; 03138 3194 31<7
31< 4 3148 03184 03137 3174 31<8
31< 4 3153 0319: 03136 315: 31<8
31< 8 3138 03168 03144 31:8 31<6
31< 8 3143 03174 0313: 3187 31<7
31< 8 3148 03186 03136 3169 31<7
31< 8 3153 0319< 03136 3157 31<8
31< 43 3138 03168 03145 31:3 31<5
31< 43 3143 0316: 03138 3184 31<7
31< 43 3148 03185 0313: 3165 31<7
31< 43 3153 03197 3133 3155 31<7
Wdeoh 6= Phdvxuh ri dffxudf| +(, iru wkh hvwlpdwruv ri yduldqfh1
; Frqfoxvlrq
Wkh yduldqfh hvwlpdwru sursrvhg jhqhudoo| jlyhv srvlwlyh hvwlpdwhv1 Wklv hv0
wlpdwru fdq eh jhqhudolvhg iru vwudwlhg srsxodwlrqv1 Zh kdyh dvvxphg wkdw
zh kdyh d {hg qxpehu ri xqlwv urwdwlqj lq dqg rxw dv zhoo dv d {hg qxpehu
ri xqlwv lq wkh pdwfkhg vdpsoh1 Wkh yduldqfh hvwlpdwru sursrvhg lv edvhg rq
wkhvh dvvxpswlrqv zklfk krog lq prvw urwdwlqj vdpsolqj vfkhphv1 Iluvw/ zh
hvwlpdwh wkh yduldqfhv dqg wkh fryduldqfhv xqfrqglwlrqdoo|> wkdw lv/ dvvxplqj
wkh vdpsoh vl}hv udqgrp1 Vhfrqgo|/ xvlqj wkh pxowlyduldwh qrupdo wkhru|/ zh
ghulyh yduldqfhv dqg fryduldqfhv frqglwlrqdoo| rq wkh jlyhq vl}hv +vhh +46, dqg
+47,, wr fdswxuh wkh {hg vl}hv ihdwxuh ri wkh vdpsolqj vfkhph1
Dfnqrzohgjhphqwv
Wklv zrun zdv vxssruwhg e| wkh Hxurshdq uhvhdufk surmhfw hqwlwohg Gdwd Txdo0
lw| lq Frpsoh{ Vxuyh|v zlwklq wkh Qhz Hxurshdq Lqirupdwlrq Vrflhw| +GDF0
48VHLV,1 Wkh dxwkru lv judwhixo wr Fkulv Vnlqqhu +Xqlyhuvlw| ri Vrxwkdpswrq/ XN,
dqg wr wkh dvvrfldwh hglwru dqg wkh uhihuhh iru khosixo frpphqwv1
Dsshqgl{ D 0 Surri ri Wkhruhp 4
Iluvw/ ohw xv vkrz wkdw +;, lv wkh pd{lpxp hqwurs| vdpsolqj ghvljq1 Odjudqjh





































Lw lv fohdu wkdw 






￿ , lv qhjdwlyh1 Qrz +;, lpsolhv
s
￿ +v























































Dv wkh uvw0rughu lqfoxvlrq suredelolwlhv ri s
￿ +v

















B +v, lv xqltxh1
Wkxv/ s
￿ +v
￿ , lv wkh pd{lpxp hqwurs| vdpsolqj ghvljq1 Pruhryhu/ 









C duh wkhuhiruh wkh uvw0rughu lqfoxvlrq suredelolwlhv ri d Srlvvrq




Dsshqgl{ E 0 Surri ri +4<,
Iluvw/ xvlqj pdwul{ qrwdwlrq/ zh kdyh


















￿ duh uhvshfwlyho| wkh lqglfdwru
ri v
￿ / v
￿ dqg ri wkh pdwfkhg vdpsoh v
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